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Abstract

The transient heat transfer problem referring to a fully laminar flow developing in pipes exposed to a step change in the temperature is
studied here. Bi-dimensional (axial-radial) wall and fluid heat conduction are assumed. The effects of pipe thickness, Péclet number, wall-
to-fluid conductivity ratio and thermal diffusty ratio are determined in the solutions. Boundeondition other thaisothermal may easily
be incorporated in the model with no special requirements. The numerical procedure employed permits the solution for both transient and
steady-state problems at the same time, and its programming does not require manipulation of the sophisticated mathematical software the
is inherent in other numerical methods. The network simulation method, which satisfies the conservation law for the heat flux variable and
the uniqueness law for temperature, also permits the direct visualisation and evolution of the local and/or integrated transport variables at any
point or section of the medium.
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1. Introduction fluid axial conduction. More recently Bilir [12,13] included
the effect of 2-D (radial—axial) wall and fluid conduction for

In recent years, numerous authors have published paperdoW Péclet numbers in large circular pipes whose external
on the stationary conjugate (conduction—convection) heat COnstant temperature changes sharply at a given section.
transfer problem in laminar flow in pipes under different sets FOr transient problems Cotta et al. [14] and Weigong
of boundary conditions, a kindf problem first proposed and Ka_kac [15] obtained splutlons for a periodic venatlon
by Graetz [1,2]. Mori et al. [3] investigated the effects of _the input temperature in duets of constant thickness,
of wall conduction, both for parallel plates and circular Wh'_Ch had previously be‘?” studled by Olek (.Et al. [16] and
pipes, under the known boundargnditions of the first and We|-M_on [17], the latter including a convective boundary
second kind; Michelsen and Willadsen [4], Pagliarini [5], Corl‘d'ttr'f_’”- wdv the heagtsfer transient-stat
Vick and Ozisik [6] studied Graetz’s problem with axial n this paper, we study the heaalister transient-state re-
conductionin the pipe and fluid, and determined the range Ofla_tec_j toa fuIIy developme_nt laminar flow n circular pipes.
Péclet numbers for which axial conduction is negligible. For 5"d'me”5'°f?a' (axial-radial) wall and flu,|d heat conduc-

. tion is considered and the effects of Péclet number and
the same problem, Wijeysundera [7] and Guedes et al. [8] . . .
obtained solutions for a coeetive boundary condition. The the pipe thickness are analysed. Internal heat generation
effect of internal heat aeneration was studied b .Zhan in the fluid due to dissipation terms, thermal properties
et al. [9], while Zariffegeh et al. [10] and Camgo andg dependent of the temperatunvective boundary condi-

. . tions and other kinds of itial and/or boundary conditions
Rangel [11] studied the conjugate effect of 1-D wall and are easily implemented with no special requirements in the

model.
*Corresponding author. . The numericall tool .employed to solve thie problem
E-mail address: carlosf.gonzalez@upct.es (C.F. Gonzélez is the Network Simulation Method (NSM). This general
Fernandez). purpose technique, briefly described in the appendix, has
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Nomenclature

A ratio of diffusivities,as/as Ar radial thickness of the cell

Ce specific heat Az axial thickness of the cell

c capacitor o diffusivity

C constant P density

k thermal conductivity Subscripts

G control-voltage current-source

L thickness of the pipe b bulk

l L/R ratio co axial convection

N number of cells f associated to fluid

Nu Nusselt number i,Jj associated witl, j nodal point
Pe Péclet number i,i —A,i+ A associated to the centre, left and right
q heat flux position on the cell

r radial co-ordinate m medium value

R inner radius of the pipe 0 dimensionless quantity

R resistor r radial

t time S associated to solid

T temperature tran transitory regime

Ti, Ty  constant temperature w solid—fluid interface

F4 axial co-ordinate z axial

been applied successfully to a great variety of lineal and non- dynamically developed, with no viscous dissipation, and the
lineal transport problems [18—-20]. NSM takes the partial thermal properties of the fluid and pipe are constant (other
differential equations that define the mathematical model of kinds of boundary condition, oluding heat generation
the physical process, and by means of spatial discretization,due to viscous dissipation, may easily be assumed by the
yields the ordinary differential equations which are the basis numerical method used).

for implementing the standard electrical network model for ~ Under these conditions, the set of governing equations or
an elemental control volume. The main advantage (evenmathematical model can be formulated as follows:

for complicated non-lineal problems) is that the network

model is comprises by verydeelectrical devices connected  (1/7)(3[(rks)dTs/dr]/0r) + (3[ksd Ts/3z1/92)

in series to which the boundary conditions are added to = (pce)sd7s/9¢ (1a)
form the whole model of the medium. The network for the

problem here studied is included in the mentioned appendix. (1/r)(a[(rkf)an/ar]/8r) + (8[kf8Tf/8Z]/8Z)
The simulation is carried out in a PC using suitable software, = (puzce)fd7i/0z + (pce)fd Tt/ 0t (1b)

PSPICE in this work [21]. Egs. (1a) and (1b) refer to the solid and liquid regions,

respectively. For the Graetz problem, which is used for

_ _ comparison, only Eq. (1b) is needed, the transitory term

2. Physical and mathematical model being omitted. In order to generalise the solution, the above
equations and the initialnal boundary conditions may be

Fig. 1 shows the system studied: a long pipe, whose \yritten in dimensionless form, resulting in
outer surface temperature has a jump discontinuity at a

given section. The fluid flow is considered to be hydro- (1/ro)(d[redTo,s/dr0l/dr0) + (1/Pe2)(a[aTo,S/az(,]/azO)

T, Ty =1/A(07To,s/0dt0) (2a)
(1/r0) (8[rod To£/d70] /o) + (1/PE?) ([0 To,1/d201/020)
—;\’\ o e T = (1= rd)(3To1/3z0) + (3To/d10) (2b)
o > —— 2R 2(R+L) and Egs. (3a)—(3j), (4) in Table 1, where
— ’ e l To= (T — T))/(Ty — T)
z20=2/(RPe), ro=r/R, lob=L/R
=0 lozt()lf/Rz, uZ=2um[1— (r/R)Z]

Fig. 1. Geometry of the problem. Pe= 2umR) /a5, kst = ks/ kt, A = as/of
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« being the diffusivity,a = k(pce) L. For most practical !

445

applications, the interfacidleat flux, bulk temperature and  Tb,o = 4/ ro(1—rd)Totdro (5b)
local Nusselt number are required. These values may be 0
computed from )
Nu= — %0 (5¢)
9To 1 (Tw,o — Tb,0)
qdw,0 = (5&)
aro ro=1
3. Numerical results
Table 1
Dimensionless boundary and initial conditions The steady-state resultsrfdhe local interfacial heat
Transient problem Graetz problem flux, gw.o, which gives more meaningful information than
(with wall) (without wall) other parameters, are compared with those obtained by
At zo = —00 Tof=Tos=0 Tof=0  (3a) Bilir [12], using finite difference methods (see Fig. 2). The
Atzo=+00  0Tos/0ro=0Tof/0ro=0 (3b) 0Ty¢/dro=4 (3c) effects of the pipe thickness and Péclet number are show
Atro=0 o 1/dro =0 Tof/dro=0 (3d) separately in Figs. 2(a) and 2(b). An interpretation of the
Atrog=1 TO,S = TO,f (Se) — . .
kefdTo,s/0r0 = 0To 1 /0r0 (30 trend of gw,o in the curves may be found in the paper
Atro=1+Io, ' ' of Bilir [12]. In Fig. 3 values of the axial distribution of
20<0,10>0 To,s=0 (39) 8Tot/dro=0 (3h) interfacial heat flux 4w o) for steady-state are given for
Atro=1+lo, _ _ different Péclet numbers and pipe thickness, with= 1.
20>0,10>0 Tos=1 (8) 0Tof/dro=1 (3] The figures show that at the downstream side of the pipe
Vro,Zo, o= 0 TO,f = TO’S= 0 (4) —

8
Jw,o NSM
Bilir [12]
-03 \0.1 0.3 05 7,
P=5, k=10, 1,=0.3
Y
@)
4
Qw,o —  NSM
39N ——— Bilir[12]

k=10, 1,=0.1, P=1

k=10, 1,=0.1, P=5

0.1 0.2 0.3 0.4 0.5 0.6 % 0

(b)

the curves rise to a maximum value and then decrease, due

Fig. 2. Comparison of the results. (a) Effect of thickness ratidPoe 5, kgt = 10,/o = 0.02 and/o = 0.3. (b) Effect of Péclet's number fdég = 0.1, kg = 10,

Pe=1 andPe=5.
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0.5
1,=0.02 | 1,=0.1
0.4t e
k=1 s P.=50, z,=0.1, = 2,= 0.7 st
steady-state ¥ 0.3 steady state
S
< 027 2:=0.1,% z,=0.7
B 7 1 & 0.1
0 T
0 0.2 0.4 0.6 08 1,1
8 @
a
@) 40
35 1,=0.1
}::01.1 5 30 P=5, all z, e
s X 25 steady-state
steady-state & 20
N B _
&?{ 10 - P.=20, all z,
5 ]
0 T
0 0.2 0.4 0.6 08 " 1
(b)
) () Fig. 4. Axial conduction-convection heat flux ratio: (@ = 100 and 50,
(b) Pe=20 and 5.
1,=0.3
k=1
steady-state
k=1
1,=0.1
steady-state

- - Z
Fig. 3. Interfacial heat fluxgw, o, at the steady-state fags = 1. (a) Péclet’s 1 0.5 0 0.5 © !
number= 1, 5 and 20/o = 0.02; (b) Péclet's numbex 1, 5 and 20, Fig. 5. Interfacial temperaturefw o, at the steady-state. Péclet's
lo =0.1; (c) Péclet’s numbet 1, 5 and 20/, = 0.3. number= 1, 5 and 20kt = 1 andlo = 0.1.

to the high temperature gradients at the beginning of the

heating section. It can beeen that the maximum values is low and so the development length is greater), the
are achieved when the pipe thickness decreases, becaus@agnitude (degree of peak) deases with decreasing Péclet
the thermal resistance of the pipe wall is smaller for thin number.

walls and the heat supplied from the outer surface is easily ~ The influence of the Péclet number on axial conduction
transferred to the inner surface. After a certain axial distance, is analysed in Figs. 4 and 5, with= 0.1 andkst = 1. It can
convection predominates over wall conduction, and heat been seen that the ratio between fluid axial conduction and
flux values decrease. The effect of the Péclet number isaxial convection heat fluxess o z/¢f.0,z.co, diminishes as

as follows: when the pipe thickness is low & 0.02, the radial position increases, and is negligibleRer> 100

Fig. 3(a)) on both the upstream and downstream side, thewhatever the radial position. On the other hand, when the
extent and the magnitude of the reverse (from fluid to wall) Péclet number increases the interfacial temperature is nearer
and direct (from wall to fluid) heat flux increase with a the boundary condition, according to Fig. 5. Therefore the
decreasing Péclet number; when the pipe thickness is highinfluence of the pipe thickness on the solution is also
(lo = 0.3, Fig. 3(c)) on the upstream side, the extent and negligible for large Péclet numbers.

the magnitude of the reverse heat flux, as before, increase In the appendix (brief description of the Network Simu-
with a decreasing Péclet number, while on the downstreamlation Method), the resistors of the network model are ob-
side, although the extent of the direct heat flux also increasestained in the wall and fluid. The relation between the resistor
with decreasing Péclet number (since the convective effectaxial conduction (Eq. (10d)) and the resistor axial convection
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1020.4 e .
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(b)

Fig. 7. Transient interfacial temperatuf&y,o. Pe=5, o = 0.3 andrg = 1.
(a) Diffusivity ratio= 0.05 and 0.1kgs = 1. (b) Diffusivity ratio= 0.05 and
0.1,kgt = 10.

()

Fig. 6. Transient interfacial heat flugy, o. ksf = 1, /o = 0.4 andA = 0.1.
(a) Pe=1, (b)Pe=20.

(inverse of the control-voltage current-sourgeEq. (10e)),

both in the fluid, is case (a) ksf=1,

fOI‘ A == 005, to,tranz 34 and
2 for A == 01, to)tran: 21
Az(1—-rf;

B0 ) b _ -2 e @

One should note that the ratio between the resistor axial
conduction and resistor axial convection increases wheen On the other hand, in the wall, the transient is defined
increases. It also increases in zones near the centre of théyy means a condenser of valag; = kst - r;,j - Ars/A (see
pipe, wherero(r/R) is small. These results are shown in  Appendix A). WhenA increases(; ; decreases, the energy
Fig. 4. The effect oPe in the transient is studied in Fig. 6  storage capacity of the wall decreases and the time required
(lo=0.4,A=0.1,kss=1 andPe= 1 and 20), where itcan  to reach the steady-state also decreases.
be seen that this parameter does not nearly influence thetime  The influence of the parametdgs on the interfacial
required to reach the steadyts, because this time remains  temperatureZy, o, is shown in Fig. 8 for the steady-state
approximately constantyan > 8. and for the dimensionless timgs= 0.5 and 1, withPe =5,

Transient state is studied in Figs. 7 to 9 which represent j, = 0.3 andA = 0.05. In this case the magnitude achieved
interfacial temperature verswaxial location. The influence  in steady-state is dependent on the valuekgf Again,
of the parameterst and kst is clear from Fig. 7 for the  the time required to reach the steady-state is longer for
dimensionless time, = 1, with Pe=5 and/, = 0.3. The smaller values okss because of the great thermal capacity
magnitude achieved in steady-state is always independent obf the pipe. Wherks > 10 the transient regimen remains
the value of the diffusivity ratio. FoA > 1, the system is  approximately constant. It can also be seen that when
in steady-state and it takes longer to reach this state (uppelincreases, the effect of wall conduction on heat transfer
curve) with smaller values oft and of kst. Anyway, due  decreases, for the same reasons as explained in Fig. 5.

to the kind of boundary condins (isothermal) involved The times to reach steady state for the case analysed in
in the problem under study, the steady-state is reachedrig. 7 are:

rapidly, which is not the case, for example, for the ambient
convective boundary condition (Wei-Mon Yan [17]). In our
work, the times to reach steady state for the cases analyse
in Fig. 7 are:

case (b) kss=10, for A=0.05, 7o tran= 3.0 and

for A= Ol, to)tranz 18

Ritnzpj-Gij=

C]fo =01, foran=4.2,
ksf = 10, to’tran = 29 and ksf = 100,

kst=1.0, fotran=3.5,

to,tran= 2.8
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P.=5 P=5
1,=0.3 k=1
A=0.05 A=1
steady-state steady-state
-1 -0.5 0 0.5 Zo 1 -1 -0.5
CY
P.=5 P=5
1,=0.3 k=1
A=0.05 A=1
t=1 t,=0.4
-1 -0.5 0 0.5 Zy, 1 -1 -0.5 0 0.5 Zo 1
(b) (b)
04 Fig. 9. Transient interfacial temperatufBy,o. Pe=5, ks =1 andA = 1.
TW,O 035 - \ lp =0.05, 0.1, 0.3 and 0.5. (a) Steady-state, sy 0.4.
P=5 p
1=03 0.3 [ Nes10 kel
o V. 0.25 - _ Table 2
A4=0.05 0.2 - k=100 Comparison of local Nusselt numbers for uniform heat flux at the steady-
t,=0.5 ’ state Pe = 5)
0.15
0.1 k0.1 Value ofNu
0.05 Value ofzg Ref. [2] Ref. [13] Present method
20x 80 20x 100
0.010 7.09 7.20 7.18
-1 -0.5 0 0.5 Z, 1 0.020 6.39 6.45 6.44
(© 0.050 5.50 5.45 5.46
) ) ) ) 0.100 4.82 4.85 4.87
Fig. 8. Transient and steady-state response of the interfacial tempera-g 50g 4.47 4.51 4.53
ture, Tw_'o. Pe =5, lo = 0.3 and A = 0.05. ksf =01, 1, 10 and 100. 0.300 4.40 4.42 4.43
(a) Steady—state, (b% =1, (C) o= 0.5. 00 4.36 4.36 4.36

The relation between the resistor fluid radial conduction
(Eg. (10c)) and resistor wall radial convection (Eq. (10a))
can be expressed as

and forzg = 0.4, Pe=05, ksf=1 and A = 1. In this case,
the time required to reach the steady-state increases with
increasingloy, because the energy storage capacity of the
_ wall increases for larger thickness ratios. It is also evident
Ri jtarj2ls  Ars that whenl, increases, the effect of wall conduction on
The same relation for axial conduction (Eq. (10d)) and heat transfer inpreases, because if this were_not so, the
resistor wall radial convection (Eq. (10b)) is boupdary cpndltlons of the heated wall would quickly reach
the interfacial area.
The times taken to reach steady state for the case analysed

Ri jtarplt  Arg, (72)

Ritazp2jlt  Ars

—ksf = Cglksf (7b)

Rizazj2jls  Ar in Fig. 9 are:
One should note that the relation between the resistor; — 0,05, 1, yan=0.4, lo=0.1, foyan="0.5,
fluid conduction and resistor wall conduction (radial and
lo = 03, to’tran: 12 and lo == 05, to)tranz 16

axial) increases whekst increases and the effect of wall
conduction on heat transfeedreases, because the heat in
the wall is conducted more rapidly.

The influence of the thickness ratig on the interfacial
temperaturely o, is shown in Fig. 9 for the steady-state

Finally, the Nusselt numbers are given in Table 2 for
different axial positions of the pipe fdfe =5 and for the
case of uniform heat flow with the wall in steady-state. The
results are very close in all the cases.
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4. Concluding remarks continuous function), a development that is also adopted by
the mathematically oriented Method of Lines [23].

The conjugated heat transfer problem for laminar flowsin A new set of ordinary differential equations is obtained
pipes (including bi-dimensional wall and axial conductionin by spatial discretization of the mathematical model defined
the fluid) is studied both for the transient and steady-states.by a set of equations that includes: (i) heat conduction
This study uses the network simulation method, which is equation, (ii) boundary conditions, (iii) initial condition and
specially useful when hard non-linearities are present in the (iv) special conditions, while is maintained as a continuous
equations of the process. This numerical tool requires noneindependent variable. With this end in view, the whole 2-D
of mathematical manipulations inherent in the resolution of region is divided into a number of volume elements or cells
the finite-difference equations. Instead, the software selectedwhich are not necessarily similar. A network model for
to solve the circuits does this work. On the other hand, the an elementary cell is desigthidrom this set of equations,
method permits direct visualisation and evaluation of the associating different kindsf electrical ports to each one of
main variables of the transport phenomena (heat flux andthe terms that integrate the differential equations: resistors,
temperature) which are equivalent to the electric variables, capacitors, and non-lineal electrical devices. The model for
current and potential. PSPICE [20], the software selected inthe whole medium is obtained by connectiNgelemental
this work, has a vast library of non-lineal electric devices networks in series. Boundarguditions are implemented by
which are suitable for an easy implementation of the non- additional electrical devices connected to the boundaries. By
lineal processes involved in the problem. In this work, the selectingN > 30 for axial and radial directions, errors are
computation time was a few seconds. Furthermore, it is very reduced to values below 0.5% in 2-D problems [24]. In the
easy and fast to make changes in the boundary and initialaxial direction, the regions near= 0 have been discretized
conditions of the problem. To obtain the stationary response,with fine grids to increase acracy, using coarse grids in

the condenser of the network merely has to be omitted. other regions. The axial distance ensures that the boundary
The results obtained have bessmpared with the results  conditions inz = too.

of other authors and are very close. As regards the problem studied here, the geometry of
The main results of the investigation may be briefly the cells is a circular crown whose surface section has a

summarized as follows: dimension of Ar, Ars and Az. The numbers of cells in

the radial and axial directions afé ¢, Nrs and N;. The
— Itis important consider wall conduction because it plays following expressions are applied:
a significant role in a transht conjugated heat transfer Art = ro/ N, Ars=lo/Nes and Az=2/N;.
problem.
— For larger values of the Péclet number, the fluid axial Discretization of Egs. (1) and (4) for the pipe and (2) for
conduction will be negligible, indicating that the results the fluid yield the following ordinary differential equations
mainly depend on the wall characteristics rather than on in dimensionless form:
flow conditions.
— The time required to reach the steady-state is longer for [1i, j—ar/2 — Ti,j1/(ri, j Ars) [ 2ksfri, j—ar/2/ Ars]
_smaller values ofst and A or larger valge; ofo, anq is —Ti.j = Ti j+ars2l/(ri, j Ars)[2kstri j+ar/2/ Ars]
independent of the Péclet number. This time varies very
little with variations in these parameters. + Ti-ae/2 = Ti.j1/ (P& A2) [2kst/ Ac]

— The effect of wall conduction on heat transfer increases —[Ti; — T,-JrAz/z,j]/(Pe2 AZ)[stf/Az]
as the Péclet number_ a_rkgjr dec_rease anlzl,_mcreases. — kei/AdT; /it 8)
In the contrary case, it is possible to eliminate the wall
to study the system. [Ti,j—ars2 = Ti, j1/ (ri j Are)[2ri j—arj2/ Art]

—[Ti,j = Ti jars2) /(i j AYD2ri j 1 arj2/ Ari]

Appendix A. A brief description of the Network +Ti-acj2.j = Ti.j1/ (P A2)12/ Az
Simulation Method —[T;,; — Ti+azy2,1/(PE? Az)[2/Az]

2
As regards this numerical method, which is based on (L= )i azy2.j = Ti-azj2, j)/ A+ dTi/de - (9)

the existing analogy between electric circuit theory and whereT; ;, T; j+ar/2, Ti, j—arj20 Titaz/2,js Ti—azy2,j, @re

heat conduction theory, it should be emphasised that it hasthe temperatures in the centre and ends of the cell, re-

nothing to do with the classicdahermo-electrical analogy.  spectively (Fig. 10(a); suffix o, which refers to dimension-

NSM is widely used in many text books and its aim is less form, has been omitted for simplicity). The convection

not other than an alternative symbolic representation of heat flux on the surface of each control volume is taken by

the simple heat transfer problems [22]. The main feature a special electrical device nadhécontrol-voltage current-

of the physically-inspired NSM is the use of discrete source”,G,which shows anon-linear behaviour. The current

intervals for the spatial variable (the time variable being a of these generators may befided as an arbitrary function
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Fig. 10. (a) Network model for pipe drfluid. (b) Network discretization
and boundary conditions.

of one or more voltages in the cell. The network model for
a fluid cell is shown in Fig. 10(a); the network model for a
pipe cell is the same but without the resisfr;. Each cell
is electrically connected to contiguous cells to make up the
whole model of the medium (Fig. 10(b)).

For the wall, the network model is composed of four
resistors,

Ars
R; ; = 10a
hihr/2 2ksfri, j+Ar/2 (102)
and
A72 Pe?
R: R _ 10b
liAZ/Z)] 2k5fr,',j Ars ( )

and a condenser of valug ; = kst - r; j - Ars/A (Fig. 10a).
For the fluid network model, the values for the resistors
are

Ars
Rijtarjp=5—— (10c)
' 2ri j+Ar/2
AZ2Pe?
Ritpnzp2,j=5——" (10d)

27‘,"]' Arf

J. Zueco et al. / International Journal of Thermal Sciences 43 (2004) 443-451

The value of the capacitor i€; ; = r; ;j - Art, and the
voltage-control current-source

B 1- rfj)r,')j Ars

A (10e)

iJ

Fig. 9(b) is a scheme of the devices that implement the
boundary conditions. The values of the parameters used in
this problem areN,s = 20, N; s = 10, N; = 100, Arf =
1/20,Ars=10/10,Az =2/100.

It should be mentioned that heat conservation is satisfied
since Kirchhoff conservation law for the electric currents is
inherent in the networks. In this way, no additional condi-
tions are needed to ensure this condition. The uniqueness
of the temperature variable is also satisfied due to Kirch-
hoff voltage law. Once we have obtained the general net-
work model, its simulation provides the temporal evolution
and stationary values of thesat flux and temperature vari-
ables in the cell. Very few language program rules are neces-
sary to make the program files run on PSPICE software, and
those that are necessary are straightforward. Once the net-
work model for a cell is progimmed, PSPICE recognises it
as a sub-circuit that may be implemented as many times as is
required, which simplifies the program. The interactive de-
sign warns the programmer of possible errors and depicts the
correct way of acting. It is simply necessary the spatial dis-
cretization of the equations (with no subsequent mathemat-
ical manipulation of these equations by the user); therefore,
the time interval to obtain the numerical solution is imposed
and adjusted continuously by Pspice automatically to reach
a convergent solution in each iteration.
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