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Abstract

The transient heat transfer problem referring to a fully laminar flow developing in pipes exposed to a step change in the temp
studied here. Bi-dimensional (axial–radial) wall and fluid heat conduction are assumed. The effects of pipe thickness, Péclet num
to-fluid conductivity ratio and thermal diffusivity ratio are determined in the solutions. Boundary condition other thanisothermal may easily
be incorporated in the model with no special requirements. The numerical procedure employed permits the solution for both tra
steady-state problems at the same time, and its programming does not require manipulation of the sophisticated mathematical s
is inherent in other numerical methods. The network simulation method, which satisfies the conservation law for the heat flux var
the uniqueness law for temperature, also permits the direct visualisation and evolution of the local and/or integrated transport varia
point or section of the medium.
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

In recent years, numerous authors have published pa
on the stationary conjugate (conduction–convection) h
transfer problem in laminar flow in pipes under different s
of boundary conditions, a kindof problem first proposed
by Graetz [1,2]. Mori et al. [3] investigated the effec
of wall conduction, both for parallel plates and circu
pipes, under the known boundaryconditions of the first and
second kind; Michelsen and Willadsen [4], Pagliarini [
Vick and Özisik [6] studied Graetz’s problem with axi
conduction in the pipe and fluid, and determined the rang
Péclet numbers for which axial conduction is negligible.
the same problem, Wijeysundera [7] and Guedes et al
obtained solutions for a convective boundary condition. Th
effect of internal heat generation was studied by Zh
et al. [9], while Zariffeeh et al. [10] and Campo an
Rangel [11] studied the conjugate effect of 1-D wall a
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fluid axial conduction. More recently Bilir [12,13] include
the effect of 2-D (radial–axial) wall and fluid conduction f
low Péclet numbers in large circular pipes whose exte
constant temperature changes sharply at a given sec
For transient problems Cotta et al. [14] and Weigo
and Kakac [15] obtained solutions for a periodic variat
of the input temperature in ducts of constant thickne
which had previously been studied by Olek et al. [16] a
Wei-Mon [17], the latter including a convective bounda
condition.

In this paper, we study the heat transfer transient-state re
lated to a fully development laminar flow in circular pipe
Bi-dimensional (axial–radial) wall and fluid heat condu
tion is considered and the effects of Péclet number
the pipe thickness are analysed. Internal heat gener
in the fluid due to dissipation terms, thermal proper
dependent of the temperature, convective boundary cond
tions and other kinds of initial and/or boundary condition
are easily implemented with no special requirements in
model.

The numerical tool employed to solve this proble
is the Network Simulation Method (NSM). This gene
purpose technique, briefly described in the appendix,
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Nomenclature

A ratio of diffusivities,αs/αf
ce specific heat
C capacitor
C constant
k thermal conductivity
G control-voltage current-source
L thickness of the pipe
l L/R ratio
N number of cells
Nu Nusselt number
Pe Péclet number
q heat flux
r radial co-ordinate
R inner radius of the pipe
R resistor
t time
T temperature
TI, TII constant temperature
z axial co-ordinate

�r radial thickness of the cell
�z axial thickness of the cell
α diffusivity
ρ density

Subscripts

b bulk
co axial convection
f associated to fluid
i, j associated withi, j nodal point
i, i − �, i + � associated to the centre, left and right

position on the cell
m medium value
o dimensionless quantity
r radial
s associated to solid
tran transitory regime
w solid–fluid interface
z axial
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been applied successfully to a great variety of lineal and n
lineal transport problems [18–20]. NSM takes the par
differential equations that define the mathematical mode
the physical process, and by means of spatial discretiza
yields the ordinary differential equations which are the ba
for implementing the standard electrical network model
an elemental control volume. The main advantage (e
for complicated non-lineal problems) is that the netw
model is comprises by very few electrical devices connecte
in series to which the boundary conditions are added
form the whole model of the medium. The network for t
problem here studied is included in the mentioned appen
The simulation is carried out in a PC using suitable softw
PSPICE® in this work [21].

2. Physical and mathematical model

Fig. 1 shows the system studied: a long pipe, wh
outer surface temperature has a jump discontinuity
given section. The fluid flow is considered to be hyd

Fig. 1. Geometry of the problem.
,

dynamically developed, with no viscous dissipation, and
thermal properties of the fluid and pipe are constant (o
kinds of boundary condition, including heat generatio
due to viscous dissipation, may easily be assumed by
numerical method used).

Under these conditions, the set of governing equation
mathematical model can be formulated as follows:

(1/r)
(
∂
[
(rks)∂Ts/∂r

]
/∂r

) + (
∂[ks∂Ts/∂z]/∂z

)
= (ρce)s∂Ts/∂t (1a)

(1/r)
(
∂
[
(rkf)∂Tf/∂r

]
/∂r

) + (
∂[kf∂Tf/∂z]/∂z

)
= (ρuzce)f∂Tf/∂z + (ρce)f∂Tf/∂t (1b)

Eqs. (1a) and (1b) refer to the solid and liquid regio
respectively. For the Graetz problem, which is used
comparison, only Eq. (1b) is needed, the transitory te
being omitted. In order to generalise the solution, the ab
equations and the initial and boundary conditions may b
written in dimensionless form, resulting in

(1/ro)
(
∂[ro∂To,s/∂ro]/∂ro

) + (
1/Pe2)(∂[∂To,s/∂zo]/∂zo

)
= 1/A(∂To,s/∂to) (2a)

(1/ro)
(
∂[ro∂To,f/∂ro]/∂ro

) + (
1/Pe2)(∂[∂To,f/∂zo]/∂zo

)
= (

1− r2
o

)
(∂To,f/∂zo) + (∂To,f/∂to) (2b)

and Eqs. (3a)–(3j), (4) in Table 1, where

To = (T − TI)/(TII − TI)

zo = z/(RPe), ro = r/R, lo = L/R

to = tαf/R2, uz = 2um
[
1− (r/R)2]

Pe = (2umR)/αf , ksf = ks/kf, A = αs/αf
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pipe
, due
α being the diffusivity,α = k(ρce)
−1. For most practica

applications, the interfacialheat flux, bulk temperature an
local Nusselt number are required. These values ma
computed from

qw,o =
(

∂To,f

∂ro

)
ro=1

(5a)

Table 1

Dimensionless boundary and initial conditions

Transient problem Graetz problem
(with wall) (without wall)

At zo = −∞ To,f = To,s = 0 To,f = 0 (3a)
At zo = +∞ ∂To,s/∂ro = ∂To,f/∂ro = 0 (3b) ∂To,f/∂ro = 4 (3c)
At ro = 0 ∂To,f/∂ro = 0 ∂To,f/∂ro = 0 (3d)
At ro = 1 To,s = To,f (3e) —

ksf∂To,s/∂ro = ∂To,f/∂ro (3f)
At ro = 1+ lo,

zo < 0, to > 0 To,s = 0 (3g) ∂To,f/∂ro = 0 (3h)
At ro = 1+ lo,

zo � 0, to > 0 To,s = 1 (3i) ∂To,f/∂ro = 1 (3j)
∀ro,zo, to = 0 To,f = To,s = 0 (4) —
Tb,o = 4

1∫
0

ro
(
1− r2

o

)
To,f dro (5b)

Nu = −2qw,o

(Tw,o − Tb,o)
(5c)

3. Numerical results

The steady-state results for the local interfacial hea
flux, qw,o, which gives more meaningful information tha
other parameters, are compared with those obtained
Bilir [12], using finite difference methods (see Fig. 2). T
effects of the pipe thickness and Péclet number are s
separately in Figs. 2(a) and 2(b). An interpretation of
trend of qw,o in the curves may be found in the pap
of Bilir [12]. In Fig. 3 values of the axial distribution o
interfacial heat flux (qw,o) for steady-state are given fo
different Péclet numbers and pipe thickness, withksf = 1.
The figures show that at the downstream side of the
the curves rise to a maximum value and then decrease
(a)

(b)

Fig. 2. Comparison of the results. (a) Effect of thickness ratio forPe = 5, ksf = 10, lo = 0.02 andlo = 0.3. (b) Effect of Péclet’s number forlo = 0.1, ksf = 10,
Pe = 1 andPe = 5.
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Fig. 3. Interfacial heat flux,qw,o, at the steady-state forksf = 1. (a) Péclet’s
number= 1, 5 and 20,lo = 0.02; (b) Péclet’s number= 1, 5 and 20,
lo = 0.1; (c) Péclet’s number= 1, 5 and 20,lo = 0.3.

to the high temperature gradients at the beginning of
heating section. It can be seen that the maximum value
are achieved when the pipe thickness decreases, be
the thermal resistance of the pipe wall is smaller for t
walls and the heat supplied from the outer surface is ea
transferred to the inner surface. After a certain axial dista
convection predominates over wall conduction, and h
flux values decrease. The effect of the Péclet numbe
as follows: when the pipe thickness is low (lo = 0.02,
Fig. 3(a)) on both the upstream and downstream side
extent and the magnitude of the reverse (from fluid to w
and direct (from wall to fluid) heat flux increase with
decreasing Péclet number; when the pipe thickness is
(lo = 0.3, Fig. 3(c)) on the upstream side, the extent a
the magnitude of the reverse heat flux, as before, incr
with a decreasing Péclet number, while on the downstr
side, although the extent of the direct heat flux also incre
with decreasing Péclet number (since the convective e
e

(a)

(b)

Fig. 4. Axial conduction-convection heat flux ratio: (a)Pe = 100 and 50,
(b) Pe = 20 and 5.

Fig. 5. Interfacial temperature,Tw,o, at the steady-state. Pécle
number= 1, 5 and 20,ksf = 1 andlo = 0.1.

is low and so the development length is greater),
magnitude (degree of peak) decreases with decreasing Péc
number.

The influence of the Péclet number on axial conduc
is analysed in Figs. 4 and 5, withlo = 0.1 andksf = 1. It can
been seen that the ratio between fluid axial conduction
axial convection heat fluxes,qf,o,z/qf,o,z,co, diminishes as
the radial position increases, and is negligible forPe > 100
whatever the radial position. On the other hand, when
Péclet number increases the interfacial temperature is n
the boundary condition, according to Fig. 5. Therefore
influence of the pipe thickness on the solution is a
negligible for large Péclet numbers.

In the appendix (brief description of the Network Sim
lation Method), the resistors of the network model are
tained in the wall and fluid. The relation between the resi
axial conduction (Eq. (10d)) and the resistor axial convec
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Fig. 6. Transient interfacial heat flux,qw,o. ksf = 1, lo = 0.4 andA = 0.1.
(a) Pe = 1, (b)Pe = 20.

(inverse of the control-voltage current-sourceG, Eq. (10e)),
both in the fluid, is

Ri±�z/2,j · Gi,j = �z
(
1− r2

i,j

)
2

Pe2 = C1
(
1− r2

i,j

)
Pe2 (6)

One should note that the ratio between the resistor a
conduction and resistor axial convection increases whePe
increases. It also increases in zones near the centre o
pipe, wherero(r/R) is small. These results are shown
Fig. 4. The effect ofPe in the transient is studied in Fig.
(lo = 0.4, A = 0.1, ksf = 1 andPe = 1 and 20), where it can
be seen that this parameter does not nearly influence the
required to reach the steady-state, because this time remai
approximately constant,ttran� 8.

Transient state is studied in Figs. 7 to 9 which repres
interfacial temperature versus axial location. The influenc
of the parametersA and ksf is clear from Fig. 7 for the
dimensionless timeto = 1, with Pe = 5 and lo = 0.3. The
magnitude achieved in steady-state is always independe
the value of the diffusivity ratio. ForA � 1, the system is
in steady-state and it takes longer to reach this state (u
curve) with smaller values ofA and of ksf. Anyway, due
to the kind of boundary conditions (isothermal) involved
in the problem under study, the steady-state is reac
rapidly, which is not the case, for example, for the amb
convective boundary condition (Wei-Mon Yan [17]). In o
work, the times to reach steady state for the cases ana
in Fig. 7 are:
e

f

r

d

(a)

(b)

Fig. 7. Transient interfacial temperature,Tw,o. Pe = 5, lo = 0.3 andto = 1.
(a) Diffusivity ratio= 0.05 and 0.1,ksf = 1. (b) Diffusivity ratio= 0.05 and
0.1,ksf = 10.

case (a) ksf = 1, for A = 0.05, to,tran= 3.4 and

for A = 0.1, to,tran= 2.1

case (b) ksf = 10, for A = 0.05, to,tran= 3.0 and

for A = 0.1, to,tran= 1.8

On the other hand, in the wall, the transient is defin
by means a condenser of valueCi,j = ksf · ri,j · �rs/A (see
Appendix A). WhenA increases,Ci,j decreases, the energ
storage capacity of the wall decreases and the time req
to reach the steady-state also decreases.

The influence of the parameterksf on the interfacial
temperature,Tw,o, is shown in Fig. 8 for the steady-sta
and for the dimensionless timesto = 0.5 and 1, withPe = 5,
lo = 0.3 andA = 0.05. In this case the magnitude achiev
in steady-state is dependent on the value ofksf. Again,
the time required to reach the steady-state is longer
smaller values ofksf because of the great thermal capac
of the pipe. Whenksf � 10 the transient regimen remai
approximately constant. It can also be seen that whenksf

increases, the effect of wall conduction on heat tran
decreases, for the same reasons as explained in Fig. 5.

The times to reach steady state for the case analys
Fig. 7 are:

ksf = 0.1, to,tran= 4.2, ksf = 1.0, to,tran= 3.5,

ksf = 10, to,tran= 2.9 and ksf = 100, to,tran= 2.8
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Fig. 8. Transient and steady-state response of the interfacial tem
ture, Tw,o. Pe = 5, lo = 0.3 and A = 0.05. ksf = 0.1, 1, 10 and 100.
(a) Steady-state, (b)to = 1, (c) to = 0.5.

The relation between the resistor fluid radial conduct
(Eq. (10c)) and resistor wall radial convection (Eq. (10
can be expressed as

Ri,j±�r/2|f
Ri,j±�r/2|s = �rf

�rs
ksf = C2ksf (7a)

The same relation for axial conduction (Eq. (10d)) a
resistor wall radial convection (Eq. (10b)) is

Ri±�z/2,j |f
Ri±�z/2,j |s = �rs

�rf
ksf = C−1

2 ksf (7b)

One should note that the relation between the res
fluid conduction and resistor wall conduction (radial a
axial) increases whenksf increases and the effect of wa
conduction on heat transfer decreases, because the hea
the wall is conducted more rapidly.

The influence of the thickness ratiolo on the interfacial
temperature,Tw,o, is shown in Fig. 9 for the steady-sta
(a)

(b)

Fig. 9. Transient interfacial temperature,Tw,o. Pe = 5, ksf = 1 andA = 1.
lo = 0.05, 0.1, 0.3 and 0.5. (a) Steady-state, (b)to = 0.4.

Table 2
Comparison of local Nusselt numbers for uniform heat flux at the ste
state (Pe = 5)

Value ofNu

Value ofzo Ref. [2] Ref. [13] Present method
20× 80 20× 100

0.010 7.09 7.20 7.18
0.020 6.39 6.45 6.44
0.050 5.50 5.45 5.46
0.100 4.82 4.85 4.87
0.200 4.47 4.51 4.53
0.300 4.40 4.42 4.43
∞ 4.36 4.36 4.36

and for to = 0.4, Pe = 5, ksf = 1 andA = 1. In this case
the time required to reach the steady-state increases
increasinglo, because the energy storage capacity of
wall increases for larger thickness ratios. It is also evid
that when lo increases, the effect of wall conduction
heat transfer increases, because if this were not so
boundary conditions of the heated wall would quickly rea
the interfacial area.

The times taken to reach steady state for the case ana
in Fig. 9 are:

lo = 0.05, to,tran= 0.4, lo = 0.1, to,tran= 0.5,

lo = 0.3, to,tran= 1.2 and lo = 0.5, to,tran= 1.6

Finally, the Nusselt numbers are given in Table 2
different axial positions of the pipe forPe = 5 and for the
case of uniform heat flow with the wall in steady-state. T
results are very close in all the cases.
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4. Concluding remarks

The conjugated heat transfer problem for laminar flow
pipes (including bi-dimensional wall and axial conduction
the fluid) is studied both for the transient and steady-sta
This study uses the network simulation method, which
specially useful when hard non-linearities are present in
equations of the process. This numerical tool requires n
of mathematical manipulations inherent in the resolution
the finite-difference equations. Instead, the software sele
to solve the circuits does this work. On the other hand,
method permits direct visualisation and evaluation of
main variables of the transport phenomena (heat flux
temperature) which are equivalent to the electric variab
current and potential. PSPICE [20], the software selecte
this work, has a vast library of non-lineal electric devic
which are suitable for an easy implementation of the n
lineal processes involved in the problem. In this work,
computation time was a few seconds. Furthermore, it is v
easy and fast to make changes in the boundary and in
conditions of the problem. To obtain the stationary respo
the condenser of the network merely has to be omitted.

The results obtained have beencompared with the result
of other authors and are very close.

The main results of the investigation may be brie
summarized as follows:

– It is important consider wall conduction because it pl
a significant role in a transient conjugated heat transf
problem.

– For larger values of the Péclet number, the fluid a
conduction will be negligible, indicating that the resu
mainly depend on the wall characteristics rather than
flow conditions.

– The time required to reach the steady-state is longe
smaller values ofksf andA or larger values oflo, and is
independent of the Péclet number. This time varies v
little with variations in these parameters.

– The effect of wall conduction on heat transfer increa
as the Péclet number andksf decrease andlo increases
In the contrary case, it is possible to eliminate the w
to study the system.

Appendix A. A brief description of the Network
Simulation Method

As regards this numerical method, which is based
the existing analogy between electric circuit theory a
heat conduction theory, it should be emphasised that it
nothing to do with the classicalthermo-electrical analogy
NSM is widely used in many text books and its aim
not other than an alternative symbolic representation
the simple heat transfer problems [22]. The main fea
of the physically-inspired NSM is the use of discre
intervals for the spatial variable (the time variable bein
continuous function), a development that is also adopte
the mathematically oriented Method of Lines [23].

A new set of ordinary differential equations is obtain
by spatial discretization of the mathematical model defi
by a set of equations that includes: (i) heat conduc
equation, (ii) boundary conditions, (iii) initial condition an
(iv) special conditions, whilet is maintained as a continuou
independent variable. With this end in view, the whole 2
region is divided into a number of volume elements or c
which are not necessarily similar. A network model
an elementary cell is designed from this set of equations
associating different kindsof electrical ports to each one o
the terms that integrate the differential equations: resis
capacitors, and non-lineal electrical devices. The mode
the whole medium is obtained by connectingN elemental
networks in series. Boundary conditions are implemented b
additional electrical devices connected to the boundaries
selectingN � 30 for axial and radial directions, errors a
reduced to values below 0.5% in 2-D problems [24]. In
axial direction, the regions nearz = 0 have been discretize
with fine grids to increase accuracy, using coarse grids i
other regions. The axial distance ensures that the boun
conditions inz = ±∞.

As regards the problem studied here, the geometr
the cells is a circular crown whose surface section ha
dimension of�rf , �rs and �z. The numbers of cells in
the radial and axial directions areNr,f , Nr,s and Nz. The
following expressions are applied:

�rf = ro/Nr,f , �rs = lo/Nr,s and �z = 2/Nz.

Discretization of Eqs. (1) and (4) for the pipe and (2)
the fluid yield the following ordinary differential equation
in dimensionless form:

[Ti,j−�r/2 − Ti,j ]/(ri,j�rs)[2ksfri,j−�r/2/�rs]
− [Ti,j − Ti,j+�r/2]/(ri,j�rs)[2ksfri,j+�r/2/�rs]
+ [Ti−�z/2,j − Ti,j ]/

(
Pe2 �z

)[2ksf/�z]
− [Ti,j − Ti+�z/2,j ]/

(
Pe2 �z

)[2ksf/�z]
= ksf/AdTi/dt (8)

[Ti,j−�r/2 − Ti,j ]/(ri,j�rf)[2ri,j−�r/2/�rf]
− [Ti,j − Ti,j+�r/2]/(ri,j�rf)[2ri,j+�r/2/�rf]
+ [Ti−�z/2,j − Ti,j ]/

(
Pe2 �z

)[2/�z]
− [Ti,j − Ti+�z/2,j ]/

(
Pe2 �z

)[2/�z]
= (

1− r2
i,j

)[Ti+�z/2,j − Ti−�z/2,j ]/�z + dTi/dt (9)

whereTi,j , Ti,j+�r/2, Ti,j−�r/2, Ti+�z/2,j , Ti−�z/2,j , are
the temperatures in the centre and ends of the cell,
spectively (Fig. 10(a); suffix o, which refers to dimensio
less form, has been omitted for simplicity). The convect
heat flux on the surface of each control volume is taken
a special electrical device named “control-voltage current
source”,G, which shows a non-linear behaviour. The curr
of these generators may be defined as an arbitrary functio
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Fig. 10. (a) Network model for pipe and fluid. (b) Network discretization
and boundary conditions.

of one or more voltages in the cell. The network model
a fluid cell is shown in Fig. 10(a); the network model fo
pipe cell is the same but without the resistorRi,j . Each cell
is electrically connected to contiguous cells to make up
whole model of the medium (Fig. 10(b)).

For the wall, the network model is composed of fo
resistors,

Ri,j±�r/2 = �rs

2ksfri,j±�r/2
(10a)

and

Ri±�z/2,j = �z2 Pe2

2ksfri,j�rs
(10b)

and a condenser of valueCi,j = ksf · ri,j · �rs/A (Fig. 10a).
For the fluid network model, the values for the resist

are

Ri,j±�r/2 = �rf

2ri,j±�r/2
(10c)

Ri±�z/2,j = �z2 Pe2

2r �r
(10d)
i,j f
The value of the capacitor isCi,j = ri,j · �rf , and the
voltage-control current-source

Gi,j = (1− r2
i,j )ri,j�rf

�z
(10e)

Fig. 9(b) is a scheme of the devices that implement
boundary conditions. The values of the parameters use
this problem are:Nr,f = 20, Nr,s = 10, Nz = 100, �rf =
1/20,�rs = lo/10,�z = 2/100.

It should be mentioned that heat conservation is satis
since Kirchhoff conservation law for the electric currents
inherent in the networks. In this way, no additional con
tions are needed to ensure this condition. The unique
of the temperature variable is also satisfied due to Kir
hoff voltage law. Once we have obtained the general
work model, its simulation provides the temporal evolut
and stationary values of the heat flux and temperature var
ables in the cell. Very few language program rules are ne
sary to make the program files run on PSPICE software,
those that are necessary are straightforward. Once the
work model for a cell is programmed, PSPICE recognises
as a sub-circuit that may be implemented as many times
required, which simplifies the program. The interactive
sign warns the programmer of possible errors and depict
correct way of acting. It is simply necessary the spatial
cretization of the equations (with no subsequent mathe
ical manipulation of these equations by the user); theref
the time interval to obtain the numerical solution is impos
and adjusted continuously by Pspice automatically to re
a convergent solution in each iteration.
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